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The ﬁnite nearﬁelds can be classiﬁed using R. Brauer’s result on ﬁnite linear
groups whose orders are divisible by large primes, together with some elementary
number theory. © 2000 Academic Press
A nearﬁeld is an algebraic structure consisting of a set N =  together
with binary operations + and · on N such that N + is a group with
identity element 0 x · y = 0 for x y ∈ N\
0 N\
0 · is a group, and
furthermore x · 0 = 0 and x + y · z = x · z + y · z for all x y z ∈ N . In
fact, a nearﬁeld is essentially the same as a group with an automorphism
group acting sharply transitive on its non-trivial elements.
In 1935 Zassenhaus [12] classiﬁed the ﬁnite nearﬁelds. The complicated
and long proof provides one of the ﬁrst deep group theoretical classiﬁca-
tions. It is remarkable that this early group theoretical result can also be
obtained with the help of the modular representation theory developed by
R. Brauer roughly at the same time.
Actually, Zassenhaus proved more than is necessary to characterise the
ﬁnite nearﬁelds. He essentially characterised automorphism groups of ﬁnite
groups which are semiregular on the set of non-trivial elements. Our proof
is more general in another direction. We classify automorphism groups G of
a ﬁnite group V such that G is transitive on the set of non-trivial elements
of V and the order of G is prime to the order of V .
More recent proofs of the result of Zassenhaus can be found in Passman
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Theorem 1. Let p be a prime, let F be a ﬁeld of order p, let V be a
vector space of ﬁnite dimension n > 0 over F , and let G be a subgroup of the
general linear group GLV F such that G is transitive on V \
0 and p  G.
Then G has an irreducible normal subgroup of prime order, unless p = 2 and
n ∈ 
3 4 6 8 10 12 20, or p = 3 and n ∈ 
4 6 or n = 2.
Proof. As G is transitive on the set of non-zero vectors of V ,
∗np
∣
∣pn − 1∣∣ G If ∗np = 1 then n = 2 or n = 6 and p = 2 by
Zsigmondy [13]. So we can assume that ∗np = 1 Let r be a prime divi-
sor of ∗np We consider at ﬁrst the case that G contains a group R of
order r2. As p  G, we can lift the matrix group G to characteristic 0 and
then reduce it modulo r to obtain a homomorphism of G into GLn ra
for some a ≥ 1 whose kernel K is a r-group. Here r ≡ 1 mod n by [6,
Theorem 3.5], so that r > n and hence the exponent of a Sylow r-subgroup
of GLn ra is r. Also, by [5, Korollar 1] every r-subgroup of G is cyclic.
Therefore R ∩K = 1 and K contains a unique subgroup of order r, which
is an irreducible normal subgroup of G.
Hence we can assume that G does not contain any subgroup of order r2
and thus ∗np is squarefree. We now apply Brauer’s theorem [1] to this
situation. If r > 2n + 1 then G contains a normal Sylow r-subgroup, and
we are ﬁnished.
Therefore we can assume that r ≤ 2n + 1 As r ≡ 1 mod n there
only remain the cases ∗np = n + 1 2n + 1 or n + 12n + 1 By [6,
Theorem 3.9] this is only possible for ﬁnitely many values of pn (At this
point the (elementary) number theory comes in. [6, Theorem 3.9] is an
extension of Zsigmondy’s theorem of 1892. By the way, the same result
also is proved in a paper of Feit [4].)
The cases pn = 218 318 56, or 176 can be tackled using the extension of
Feit and Thompson of Brauer’s result. Let s be a prime divisor of ∗n/2p
and let S be a Sylow s-subgroup of G. In all four cases s > 2n + 1 so
that SG by Feit and Thompson [3]. As G is irreducible, the module
V FS has only one Wedderburn component. Therefore S is cyclic, the
subalgebra of the endomorphism algebra of V generated by S is a ﬁeld
F of order pn/2 and G ≤ LV F Here  LV F  GLV F  = 2 so
that a Sylow r-subgroup R of G is contained in G ∩GLV F As r > 5 =
2 · dim V F + 1 RG ∩GLV F by Brauer. Clearly R is characteristic
in G ∩GLV F and hence normal in G.
Theorem 2. Let F be a ﬁeld of prime order p, let V be a vector space of
ﬁnite dimension n > 0 over F , and let G be a subgroup of GLV F acting
sharply transitive on V \
0 Then G contains an irreducible abelian normal
subgroup, unless n = 2.
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Proof. Assume n > 2. Then there remain only the ﬁnitely many cases
listed in Theorem 1. Also,  G  = pn − 1 Let r1     rt be the prime
divisors of  G  such that r1 < r2 < · · · < rt If p = 2, then by a famous
result of Burnside [8, p. 499, 8.7], every Sylow subgroup of G is cyclic. Also,
every Sylow r1-subgroup lies in the center of its normaliser and, again by
Burnside [8, p. 420, 2.8], G has a normal r1-complement. Thus we obtain a
series of characteristic subgroups
G = G0 G1  · · · Gt = 1
such that Gi is a normal ri-complement in Gi−1 for i = 1     t If n = 6,
then t = 2 r2 = 7, and  GG1  = 3 · 7 or 32 · 7 so that G contains a
cyclic normal subgroup of order 21, which is irreducible. If n = 10, then
t = 3 and  G1  = 11 · 31 so that G2 is cyclic and G contains an irreducible
normal subgroup of order 11. In the remaining cases rt ∗np and Gt−1
is an irreducible normal subgroup of prime order. We consider the case
p = 3. Let r be a prime divisor of ∗np and let R be a Sylow r-subgroup
of G. An involution in G does not ﬁx any non-zero vector and hence equals
−I. So < −I > × R ≤ GR and the number of Sylow r-subgroups divides
 G  /2r By Sylow’s theorem we obtain RG
If in Theorem 2 the group G contains an irreducible abelian normal sub-
group A, then the subalgebra of the endomorphism algebra of V generated
by A is a ﬁeld F˜ of order pn and G is contained in LV F˜ the group
of non-singular semilinear transformations of the one-dimensional vector
space V F˜ (see [7]). It is now not difﬁcult to prove that the nearﬁeld
corresponding to G is a regular nearﬁeld. If, on the other hand, n = 2,
then G is a group of 2 × 2-matrices, and one can use Dickson’s classiﬁca-
tion of all subgroups of PSL2 p (see [8, p. 213, 8.27]). Actually, Dickson
[2] in 1905 already determined the seven ﬁnite nearﬁelds of dimension 2
which are not regular nearﬁelds. Remarkably, although the situation looks
very complicated in dimension 2, there are no irregular nearﬁelds in higher
dimension.
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